Abstract. The ability of mathematical models to simulate competition for nutrients between three algal species, the diatom Thalassiosira pseudonana, a marine raphidophyte Heterosigma carterae and the dinoflagellate Alexandrium minutum, was investigated. Transient growth models were parameterized and tested using a number of closely controlled laboratory data sets including batch monocultures, batch competition experiments and semi-continuous culture competition experiments. The cell quota model of algal growth was found to be adequate to simulate growth of both the raphidophyte and the dinoflagellate. Batch monoculture data for diatom growth obtained under either nitrogen (N) or silicon (Si) limitation could also be simulated with a quota-style model, which in this case included feedback inhibition of nutrient uptake. However, to simulate both batch and semicontinuous culture experiments (and competition between the species), it was necessary to consider diatom Si-N metabolism. A model was derived which contains a representation of both intracellular N and Si, and of the interaction of these nutrients within the cell. The model used a co-nutrient limitation based on the perceived functional and structural role of N and Si, respectively, within the cell. Simulations indicated that models capable of adequately representing monoculture growth in batch culture may produce erroneous results when incorporated into models of competition. The conutrient model is a first step to producing tractable algal growth models which will represent multiple nutrient stress in transient growth conditions.
Introduction
Algal species compete between each other and with bacteria for extracellular dissolved mineral nutrients. The competition for, and utilization of, mineral nutrients by different species are important factors in determining the dynamics of marine microbial ecosystems. Competition may be particularly important when nutrients are available in low levels or in transient episodic bursts. However, even when nutrient concentrations are high, sequestration of nutrients by particular species (Davies and Leftley, 1985) may influence community structure. The relative competitive success of particular phytoplankton in different growth conditions will be an important factor determining the dynamics of species succession within a microbial ecosystem. If we are to understand, and potentially to predict, the appearance of algal blooms, it is necessary to understand the factors governing transient algal growth, competition for nutrients and the implications for species succession.
A difficult compromise must be made when formulating mathematical models of microbial ecosystems. Models must be kept as simple and tractable as possible, but must still remain biologically reasonable. When simulating phytoplankton growth, this quandary has generally been solved by using simple models that have been found to be capable of representing phytoplankton growth in steady-state chemostat experiments. However, models derived in steady-state conditions are often incapable of quantitatively representing transient growth.
Although some ecosystem models contain multiple phytoplankton compartments and are thus potentially able to simulate succession (e.g. Evans, 1988; Anderson and Nival, 1989) , many include only a generic phytoplankton compartment (Fasham, 1993) . Such models are often derived only from steady-state observations, and frequently consider a single rate-limiting nutrient, often the nutrient which limits cell yield [see Tett and Droop (1988) and references therein). However, in natural conditions, cells will to be subject to stresses due to transient changes in the levels of numerous extracellular and intracellular nutrients (Flynn, 1990; Flynn et al., 1997) . Examples of dual nutrient limitation include zinc/carbon co-limitation (Morel et al., 1995) , iron/light co-limitation (Sunda and Huntsman, 1997) and nickel and nitrogen (N) co-limitation (Price and Morel, 1991) .
In general, the influence on cell metabolism of multiple rate-limiting nutrients is not considered in current models, although recent attempts to model the relationship between irradiance and cell growth have been made by Geider et al. (1997) and Flynn and Flynn (1998) , and a complex but generic model of cell physiology has been produced by Flynn et al. (1997) .
An alternative to the construction of larger and more complex models is the production of succinct and parameterizable models of microbial growth dynamics. These models should be capable of representing the behaviour of a population in rapidly changing transient environments with multiple nutrient stresses.
The production of such transient algal growth models remains a long-term aim. If we are to produce robust models of algal growth, of the type which will be required to simulate competition, it is necessary to test models in a more diverse set of conditions than previously used. In an attempt to address this problem, we collected a large data set depicting the transient growth of three ecologically important algal species under different conditions (Davidson et al., 1999) . In this paper, we attempt to simulate this data set using various mathematical models, and derive a co-nutrient model which represents the interaction of two potentially rate-limiting nutrients within the cell.
Method
Data collection and experimental results are discussed in detail in the companion paper (Davidson et al., 1999) . Briefly, our species of interest were a diatom Thalassiosira pseudonana (Strain CCMP 1335, Bigelow, USA), a marine raphidophyte Heterosigma carterae (Strain HA1V, IEO, Vigo, Spain) (also known as Heterosigma akashiwo and Chatonella sp.) and a dinoflagellate Alexandrium minutum (Strain AL2V, IEO, Vigo, Spain). Three sets of data were available: batch monocultures, batch 'spring' competition experiments and semi-continuous culture 'summer' competition experiments. Batch culture experiments were conducted with Heterosigma and Thalassiosira at two temperatures (12 and 18°C) labelled LT and HT, respectively, and four light intensities (366, 233, 150 and 83 µmol m -2 s -1 ) labelled L1-L4, respectively. Replicate experiments were conducted with either ammonium or nitrate as the limiting nutrient. These experiments were conducted at each combination of temperature and light. Similar experiments were conducted with Alexandrium, but only at high temperature. In addition, Thalassiosira was also studied in batch growth conditions under silicon (Si) limitation. 'Spring' experiments involved competition between Thalassiosira and Heterosigma at low temperature and L3, and 'summer' experiments involved competition between Thalassiosira, Heterosigma and Alexandrium at high temperature and L1 in a semi-continuous culture with a supply of NH 4 + to represent regenerated N (average turnover rate 0.00278 h -1 ). Changes in measured quantities in these experiments are presented in Davidson et al. (1999) .
Results

Mathematical models
The most commonly used formulations assume that the growth rate of the cells is related to extracellular (Monod, 1942) or intracellular (Caperon, 1968a,b; Droop, 1968 ) nutrient concentration, this latter formulation is commonly called the cell quota model.
Monod-type models are often incorporated into ecosystem simulations where complexity must be kept to a minimum. Often they are used in combination with a term to represent light limitation of growth (e.g. Fasham et al., 1990) . However, the use of such models is based on the need for mathematical tractability rather than biological accuracy. Although Monod models are capable of predicting rates of cell division and cell yields, using the assumption of a constant value of nutrient per cell, they have often been shown to produce at best a qualitative simulation of transient growth dynamics (Cunningham and Maas, 1978) .
We noted (Davidson et al., 1999) that both cell division and net carbon (C) fixation continued for all three species studied in our experiments after the exhaustion of the yield-limiting nutrient (in the batch culture experiments). Such observations cast doubt on the applicability of a Monod model, as growth is related instantaneously to extracellular nutrient concentration in this model, and will therefore be predicted to cease immediately the limiting nutrient is exhausted. The expected poor performance of the Monod model was confirmed by simulation. We were unable to produce good temporal simulations of both extracellular nutrient and cell numbers. This inability of the Monod model to represent the batch cultures indicated that it was not a suitable model to incorporate in models of competition between species.
The cell quota model was developed in response to the shortcomings in the Monod model and has had some success in simulating algal growth dynamics (Tett and Droop, 1988) . The model retains Monod kinetics, but assumes that nutrient taken up and assimilated into the cell becomes part of the cell quota, which is defined as nutrient per unit biomass indicator (e.g. particulate C, cell numbers, chlorophyll). The specific rate of biomass growth is then made a function of the cell quota above a minimum threshold.
We first sought to simulate each of our three species with a standard cell quota An investigation of non-steady-state algal growth. II model which can be represented, in batch culture and for cell numbers, by equations (1)- (5):
where R is the concentration of extracellular limiting nutrient, A is the rate of uptake of nutrient per cell, Q is the cell quota, defined as yield-limiting nutrient per cell, µ is the specific rate of cell division and X is the cell concentration. Nutrient uptake is made a hyperbolic function of R, with maximum uptake rate A max and half-saturation constant k R :
We then make µ a hyperbolic function of the difference between Q and a threshold value Q o , with maximum specific division rate µ max and half-saturation constant k Q :
This formulation can be reduced to Droop's (1968) formulation by making the assumption that k Q = Q o .
This formulation of the quota model was found to be capable of simulating the batch culture growth of both Heterosigma and Alexandrium. This is demonstrated for the condition of HT and L1 in Figures 1 and 2 , respectively. Model parameter values are presented in Table I .
In our 'spring' and 'summer' experiments, N was reduced to zero while extracellular silicate was never exhausted. We therefore sought to simulate diatom growth with an N-limited cell quota model. Quota models, or variants thereof, have previously been used to represent N-limited diatom growth by, among others, Caperon and Meyer (1972a,b) and Goldman and McCarthy (1978) . Similar models of diatom growth have also been incorporated into larger ecosystem models with the assumption of N limitation, e.g. Ross et al. (1993) .
We found the quota model [defined by equations (1)- (5)] to produce poor fits to our experimental batch culture data for N-limited Thalassiosira. Using biologically reasonable parameter values, the model predicted more rapid nutrient uptake than was observed experimentally. To remedy this deficiency, we produced a modified version of the quota model in which nutrient uptake was regarded as a function of both extracellular and intracellular nutrient concentration as defined in equation (6): where Q max is the maximum value which Q can attain. The second term in this relationship causes an inhibition of uptake which decreases linearly with decreasing Q from Q max to Q o . Such an equation to modify nutrient uptake was first proposed by Lehman et al. (1975) . This or similar formulations (e.g., Thingstad, 1987) have been used successfully in subsequent studies. A detailed study of the kinetics of such models is presented by Morel (1987) . When parameterizing the model, the value of Q o (which is the value to which Q returns following limiting nutrient exhaustion) was determined directly from the batch culture data. Other model parameter values (A max , k R , µ max , k Q and Q max ) were determined using a simplex parameter estimation method (Press et al., 1992) . The fitting procedure involves the simultaneous variation of all five free parameters and attempts to minimize the deviation between the model and the data for R, Q and X. When carrying out such fitting procedures, there is a danger that the simplex will find a local rather than global minimum and hence predict incorrect parameter values. The fitting procedure was therefore repeated from a large number of random starting values, and we verified that the same parameter set was predicted in the majority of the runs.
When fitting more than one free parameter, groups or pairs of parameters may have compensatory errors, and lead to erroneous results. However, this is a danger when multiple parameters are poorly constrained. Biologically reasonable limits of all our parameters of interest were available in the literature. We therefore constrained the fitting procedure to stay within these limits, preventing compensatory errors from occurring. This modified version of the model achieved a good fit to our single-species diatom batch culture results in all culture conditions; an example is shown in Figure 3 .
It should be noted that the µ max values determined are those which would occur at the theoretical limit of infinite Q. However, as Q cannot exceed Q max , such growth rates are not achieved. When Q = Q max , the model predicts a specific division rate of 2.93 day -1 for Thalassiosira at the highest light intensity, which corresponds well with the observed value of 3.4 day -1 and with the value of ~3 day -1 reported at this light intensity for the same species by Cullen and Lewis (1988) . Similar good agreement between predicted and observed maximum growth rates were obtained for Heterosigma and Alexandrium.
Simulating competition with quota-style models
We next attempted to simulate the 'spring' and 'summer' data sets by combining the above models for our three species, without changing parameter values or the structure of the model of each individual species. 'Spring' and 'summer' models were formulated by combining the Thalassiosira and Heterosigma, and the Thalassiosira, Heterosigma and Alexandrium models, respectively. (In summer conditions, it was also necessary to include nutrient inflow and both nutrient and cell removal, to represent the semi-continuous conditions used in the experiments.) As discussed in Davidson et al. (1999) , differences in behaviour of the batch cultures under NO 3 -or NH 4 + limitation were small, and parameter values for models of NO 3 --or NH 4 + -limited growth varied little. To maintain simplicity, we therefore chose to use a generic N term within our model rather than simulating NO 3 -and NH 4 + metabolism separately. The different species were assumed to interact only in terms of their competition for a single limiting resource: dissolved inorganic N. We see from Figure 4 that simply by combining the N-limited models we obtained particularly poor simulations of competition. The model predicted a Thalassiosira cell yield in summer conditions which was an order of magnitude greater than that observed. The failure of the model lay with our simulation of Thalassiosira and, in particular, the use of a model in which diatom growth depends only on N rather than on the combination of N and Si.
Si limitation
We next investigated the possibility that diatom growth was rate limited by Si. Paasche (1973) found a hyperbolic relationship between growth rate and Si/cell for steady-state chemostat cultures of T.pseudonana. In modelling Si-limited transient growth, Davis et al. (1978) used a model with two intracellular compartments and a number of feedback terms to represent rapid initial silicate uptake observed in their experiments. However, we found such complexity unnecessary to represent our transient batch cultures. The quota model with inhibition of uptake [defined by equations (1), (2), (3), (5) and (6)] appropriately reparameterized to represent Si as the limiting nutrient, gave an adequate fit to our transient batch culture data for Si-limited Thalassiosira (not shown).
However, it is not sufficient to relate Thalassiosira growth only to Si concentrations within our model. Even if Si limited, the cell will continue to take up N, which is potentially the yield-and rate-limiting nutrient for non-diatom species. It is, therefore, also necessary to simulate N uptake by the diatom accurately as this influences the availability of N to the other competing species. Our model must therefore consider multiple nutrients. The possibility that more than one nutrient may limit the cell division rate has been addressed in the literature (see Tilman, 1980; Droop, 1983) . Various scenarios have been proposed, of which threshold and multiplicative limitation of cell growth (division) are the most common.
It is now necessary to define the limiting nutrient more rigorously. In the threshold model, the limiting nutrient is that in lowest relative abundance within the cell. Therefore, if (Q 1 /Q 0_1 ) < (Q 2 /Q 0_2 ), where subscripts 1 and 2 represent the two potentially limiting nutrients, then nutrient 1 is defined as the limiting nutrient and the division rate is made a function of Q 1 following equation (5). The multiplicative hypothesis, on the other hand, assumes that both nutrients may influence division rate, which is calculated as the product of two hyperbolae (one for each nutrient, 1 and 2):
We note that Droop (1974) found the threshold hypothesis to be more appropriate to simulate steady-state cell quotas at known growth rates for Monochrysis (Pavlova) lutheri under limitation by either vitamin B12 or phosphorus.
We found that the multiplicative model was unable to simulate our Thalassiosira batch culture data sets. Parameter values which allowed us to predict the growth rate and cell yield in N-limited conditions failed to predict the behaviour of Si-limited growth (and vice versa). This model was, therefore, inappropriate to simulate Thalassiosira growth, and confirms Droop's (1974) results for a different species and different nutrients.
The threshold model, which is generally thought to be more appropriate to simulate algal growth (Andersen, 1997) , allows us to define a different set of parameters for limitation by the two alternative nutrients (N and Si in our case)-a flexibility which is somewhat at odds with our desire to produce a succinct model of algal growth. Since this model simply says that we choose whichever single nutrient model is appropriate, we know that the model must be capable of simulating our batch culture result with the parameter values given in Table I . Since the model passed this test, we incorporated it into our models for 'spring' and 'summer'. Output for summer conditions is presented in Figure 5 . This shows that although it is an improvement on our first attempt, the threshold model fails this test by significantly over-predicting diatom yield. 
Derivation of the co-nutrient diatom model
The failure of the previous versions of the model to simulate the dynamics of the competition experiments led us to seek an alternative representation of diatom growth. To derive a new diatom model, we took into account the different roles of N and Si within the cell. N is a functional nutrient, which is integral to the biochemical processes of the cell. It is a necessary constituent of amino acids and proteins that mediate photosynthesis and cell growth. N may be turned over rapidly during the cell cycle. The time from uptake of N, through assimilation to utilization of N, may be measured on the order of minutes (Flynn et al., 1989) . Flynn (1990) argues that a decrease in the rate of supply of N to the cell will result in N stress, the effects of which may be evident very quickly. Under conditions of N stress, the cell may modify its behaviour in order to maximize its growth potential (Syrett et al., 1986) .
In contrast, although Si has been shown to be important in diatom cell metabolism and division (Darley and Volcani, 1969; Darley, 1970) , metabolically active Si pools to constitute only a few per cent of total cell Si (Werner 1977) and, as discussed by Paasche (1973) , cells may sacrifice some structural (cell wall) Si to meet metabolic needs, Si is therefore primarily a structural nutrient required by the diatom to synthesize its frustules. Uptake of Si and the formation of the cell wall are processes which require energy, and which require the cell to utilize some of its N reserves. Based on the above studies, we assume N uptake and metabolic rate to be unaffected by Si availability within the cell (at least when N is the limiting nutrient, as discussed below).
We regard the diatom growth rate as being limited by a combination of N and Si stress. We now identify our two nutrients as limiting and controlling [using the terminology of Thingstad and Sakshaug (1990) ]. The limiting nutrient is defined as that which has the lowest value of Q/Q o , in direct analogy with the threshold quota model. However, in contrast to the models discussed previously, we introduce the possibility that limited supply of the controlling nutrient may also exert a stress which will modify metabolic processes governing nutrient uptake and cell growth. We consider first the case of Si as the limiting nutrient. Although N is not limiting, its functional nature means that the rate of cell metabolic processes may still be influenced (controlled) by N stress. Following Flynn et al. (1997) (who found Michaelis-Menten functions to produce unreasonably rapid changes in rates for small pool sizes when used to regulate metabolic pool processes), we related the degree of reduction in metabolic rate (␥) to Q N (the N cell quota) using a Hill function:
In this formulation, ␤ is a parameter which determines the degree of inflection of the curve and k 3 is analogous to the half-saturation constant in a Michaelis-Menten type hyperbola. As we illustrate in Figure 6 , if Q N >> k 3 then ␥→1, while if Q N →0 ␥→0. The alternative scenario occurs when N is the An investigation of non-steady-state algal growth. II yield-limiting nutrient and Si is non-yield limiting. In this case, we set ␥ = 1 to represent our belief that intracellular levels of Si will not affect the rate of N metabolism.
The complete co-nutrient model now contains five state variables: extracellular Si and N concentrations, Si and N cell quotas Q si and Q N , and cell density X, whose dynamics are described by:
Uptake of N and Si is represented by: Cell growth is related to the internal quota of the yield-limiting and non-yieldlimiting nutrients by:
Finally, to prevent unreasonably large luxury storage of Si, we relate Q max_si to Q N , thus:
where Y is a constant. The model defined by equations (9)- (17) was applied to our experimental results both in batch culture and in 'spring' and 'summer' conditions. Parameter values are given in Table II . Si-limited batch culture experiments were conducted only in high temperature. Therefore, parameters for Si-limited growth in lowtemperature conditions were estimated. Parameters were determined using a similar approach as was used for the quota model (Press et al., 1992) detailed above. Figures 7 and 8 show the fit of the model to N-and Si-limited Thalassiosira high-temperature batch cultures, respectively. Figures 9 and 10 show the fit of the model (using parameters determined from the separate batch culture experiments) to the 'spring' and 'summer' data, respectively. We see that the model is A max_si maximum uptake rate of Si per cell per h µg Si cell -1 h -1 4.0 ϫ 10 -7 2.5 ϫ 10 -7 A max_N maximum uptake rate of N per cell per h µg N cell -1 h -1 1.5 ϫ 10 -7 4.5 ϫ 10 -8 k si half-saturation constant for Si uptake µg Si ml -1 0.012 0.012 k N half-saturation constant for N uptake µg N ml -1 0.012 0.009 µ max maximum specific division rate h -1 0.23 0.12 k Qsi half-saturation constant for cell division µg N cell -1 1.9 ϫ 10 -6 1.5 ϫ 10 -6 when Si is yield limiting k QN half-saturation constant for cell division µg N cell -1 2.9 ϫ 10 -6 2.0 ϫ 10 -6 when N is yield limiting Q o_si minimum Si cell quota µg N cell -1 1.4 ϫ 10 -6 1.0 ϫ 10 -6 Q o_N minimum N cell quota µg N cell -1 7.0 ϫ 10 -7 8.2 ϫ 10 -7 Q max_N maximum N cell quota µg N cell -1 4.0 ϫ 10 -6 4.0 ϫ 10 -6 Y defines relationship between Q max_si and Q N dimensionless 4 5 ␤ shape parameter function ␥ dimensionless 10 10 k 3 half-saturation constant in function ␥ µg N cell -1 3.1 ϫ 10 -6 3.1 ϫ 10 -6 better able to represent the whole data set than the quota-style models discussed above. It can still represent the batch cultures adequately, but now it can also simulate competition. In particular, it is able to predict the threshold of extracellular Si in the 'spring' experiment and the decrease in Si uptake rate and cell division rate in the 'summer' experiments. The model, suitably parameterized in terms of cell C rather than cell numbers, is also capable of predicting changes in C biomass during the experiments (not shown).
Discussion
The target data set used in this study comprises: batch culture studies on three different species in a range of physical conditions; batch culture studies for the An investigation of non-steady-state algal growth. II diatom with two different yield-limiting nutrients; competition experiments between two species in one set of environmental conditions; competition experiments involving all three species in different environmental conditions. We tested a variety of models postulating a single internal pool of limiting nutrient against these data and found that while all were able to match some part of the data, none were capable of postdicting the whole with a single parameter set. In order to simulate the complete data set, it proved necessary to use a model of diatom growth which represented the interaction between N and Si limitation. We therefore derived a new model (the co-nutrient model) which represented the interaction between N and Si within the cell without resorting to a complex representation of biochemical pathways. This model was able to fit our complete data set with a single set of parameters. Although the fit of some individual experiments was detectably poorer than could be achieved by optimizing the parameters for that experiment, the overall quality of fit was entirely acceptable.
It is common modelling practice to make the specific rate of cell division a function of the local concentration of the least abundant nutrient (Fasham, 1993; Davidson, 1996) . However, the rate of cell division may be influenced by nutrient stresses caused by the transient availability of a number of intracellular nutrients (Haney and Jackson, 1996) . Thus, under circumstances where more than one nutrient is in short supply, growth rates may not be simply related to the least abundant nutrient, but may depend on the overall pattern of nutrient availability.
The co-nutrient model developed in this paper is very closely related to standard quota models. However, although the metabolic rate is primarily determined by the least abundant nutrient (the limiting nutrient), it is also influenced by relative scarcity of an alternative nutrient (the controlling nutrient). By incorporating this effect [the quantity ␥ defined in equation (8)], we are able to represent transient growth in both simple batch culture conditions and in the more complex conditions observed in the 'spring' and 'summer' experiments.
Although the co-nutrient model contains 12 parameters, we evaluated all but two [Y, which relates Q max_si and Q N , and ␤ from equation (8)] from batch culture experimentation. The value of Y determines the residual silicate concentration, and ␤, which was here regarded as (the only) free parameter, could be determined from batch culture data using different N:Si ratios at inoculum. The model is, therefore, completely parameterizable from easily conducted laboratory experiments.
The maximum observed diatom-specific growth rate (in terms of either biomass or cell numbers) differs under N-and Si-limited batch conditions (Davidson et al., 1999) . A feature of the co-nutrient model is that it is able to simulate these data sets using a single maximum specific growth rate (µ max ), irrespective of which nutrient is limiting.
A feature of the 'summer' experiments was the much lower Si uptake rates and cell division rates of the diatom compared to the Si-limited batch cultures. This resulted in Heterosigma dominating the experiments in terms of biomass. Similar concentrations of extracellular silicate were available in summer and batch experiments, and Si was potentially limiting in both cases. However, N was in excess in the batch cultures and therefore N stress did not occur. The stress suffered by the cells due to the limited supply of the non-limiting (controlling) nutrient (N) in the summer experiments resulted in this decrease of Si uptake rate. The co-nutrient model, by virtue of the linking between the two nutrients, simulates this behaviour correctly.
In transient conditions, residual nutrient levels similar to those observed in our target data set may only be predicted by current models if a threshold level is defined below which nutrient uptake by the cells is set to zero. More confidence can be put in a model which is capable of predicting such residual nutrient concentrations rather than having them imposed. Furthermore, the former approach is only generally applicable if the threshold level is constant. The co-nutrient model is capable of predicting residual silicate concentrations under different conditions. It predicts the different observed levels of extracellular silicate in the different experiments. For the Si-limited batch experiments, the model predicted the exhaustion of extracellular silicate. For that experiment, in contrast to the 'spring' and 'summer', extracellular N is present in excess. Q N and Q max_si remain high, and silicate uptake continues as Q max_si is greater than Q si [cf. equation (14)]. In 'spring', the model successfully predicts the observed finite residual silicate concentrations due to the reduction in Q max_si . Linking of Q max_si to Q N thus allowed us to predict the dynamics of silicate uptake and prevented the model from predicting unrealistically high levels of intracellular Si, which would otherwise occur. Furthermore, it allowed the model to predict the rapid reduction in division rate observed after the exhaustion of extracellular N.
It is important to be able to model the interaction between Si and N within diatoms accurately. These species dominate the spring phytoplankton bloom and carry out the majority of new production (Dugdale and Goering, 1967) . Quantitative laboratory experiments on diatom growth under Si or N limitation were carried out by Conway et al. (1976) and Harrison et al. (1976 Harrison et al. ( , 1977 . More recently, the ratio of availability of N and Si was found to influence the outcome of competition between different diatom species (Sommer, 1986 (Sommer, , 1991 . Furthermore, recent work (Dugdale and Wilkerson, 1998) has indicated that Si rather than iron limitation may be responsible for the high-nitrate, low-chlorophyll phenomenon in areas such as the eastern equatorial Pacific Ocean.
Our results have considerable implication for the formulation of ecosystem models in general. Modelling the Thalassiosira batch cultures indicated that a quota model structure [with the addition of the equation of Lehman et al. (1975) , which introduces feedback to reduce uptake as a function of the cell quota] was adequate to represent diatom growth when all nutrients bar one were available in excess. However, this formulation failed to simulate the dynamics of the competition experiments in which the levels of both extracellular N and Si were reduced markedly (and the influence of the controlling nutrient becomes significant). Caution must, therefore, be exercised when applying even simple models to conditions other than those in which they were derived.
In contrast to the case for the diatom, we found quota-style models to be adequate to represent both Heterosigma and Alexandrium for our whole target data set. However, these species do not require Si. The success of the quota model relies on all but one nutrient being available in excess. Should a further nutrient also be rate limiting or controlling, then we may be required to consider multinutrient stress for these species as well. We believe that the structure of the conutrient model outlined in this paper is potentially extensible to include light limitation of photosynthesis and the effect of other nutrients such as phosphorus. This model therefore represents a first step to producing an algal growth model capable of simulating transient growth as a function of multiple nutrients.
